The convolution theorem for the linear canonical transformation is introduced. Correlation theorems related to the linear canonical transformation are established by using the relation between convolution and correlation definitions in the linear canonical transform domains.
Introduction
As is well known, the linear canonical transformation [1, 7, 9, 10 ] is a linear integral transformation with four parameters (a, b, c, d) ∈ R 4 . It has proved to be very useful in many applications, for instance, signal and image analyses. The linear canonical transformation can be considered as an extension of many transforms such as Fourier, Laplace, fractional Fourier, Fresnel, and other transformations. Many useful properties of the linear canonical transformation have been found such as translation, modulation properties, time-frequency shift and so on. One of the most fundamental and important theorems in linear canonical transformation is the convolution theorem. As there are several different formulations for the convolution theorem associated with the linear canonical transformation, many generalizations of the linear canonical transformation convolution theorems have been proposed. The convolution theorem for the linear canonical transformation is a generalization of the convolution theorem for Fourier transformation in the linear canonical transform domain, which was discussed in [2, 3, 8] . Recently, in [11] , the author obtained a general form of the linear canonical transformation convolution theorem and applied it to design filters. The proposed convolution theorem resembles to the convolution theorem in the Fourier transform domain.
Motivated by [4] and [5] , we will propose the correlation theorems for the linear canonical transformation using relation between convolution and correlation definition in the linear canonical transform domain. To begin with, we will briefly review convolution and correlation theorems for the Fourier transformation. Next, we will introduce the definition of the linear canonical transformation and some convolution theorems associated with the linear canonical transformation. Thirdly, we will obtain several novel correlation theorems associated with the linear canonical transformation by combining the convolution definition and convolution theorem related to the linear canonical transformation.
Basic properties of convolution and correlation theorem for Fourier transformation
Let us we briefly review basic definition and known results for the Fourier transformation. We also introduce convolution and correlation definitions for the Fourier transformation and obtain its convolution and correlation theorems (see [4] ). We then demonstrate some properties related to the convolution and correlation theorems for the Fourier transformation [4] .
Let us start with our notation. For a complex function g(x), g r denotes the real part of g and g i denotes the imaginary part of g. The complex conjugate of g is denoted by
is a Banach space with norm
In particular, L 2 (R) is a Hilbert space with inner product
Note that, under this definition, the Fourier transformation is unitary on L 2 (R), namely,
and the modulation by u 0 of f is denoted by
Note that both the translation and the modulation are unitary on
Then, we obtain the following properties:
(a) Linearity:
(b) Shift:
(c) Modulation:
(d) Time-frequency shift:
The inverse Fourier transform of g is defined by
Note that the inverse Fourier transformation F −1 is the adjoint of the Fourier transformation F, because it is unitary.
Let us define the convolution.
the Fourier transform of the convolution of f and g is given by
Let us collect some properties of convolution theorem associated with the Fourier transformation.
Then, the Fourier transform of T k f * g and the linear canonical transform of f * T k g are the same and they are given by
And also
Let us investigate how the relation between the Fourier transformation and its correlation. We first introduce the correlation definition of two complex functions in the Fourier transform domain.
Then, the correlation of f and g is defined by
the Fourier transform of correlation of the functions is given by
F{f g}(u) = √ 2π F{f }(−u)ĝ(u).
It can be expressed as
Let us list some useful properties of the correlation theorem for the Fourier transformation.
The proofs of the above theorems are omitted.
Linear canonical transformation
The linear canonical transformation can be considered as a kind of time-frequency analysis method. It is a good tool to analyze signals both in time and frequency domains. We first introduce the definition of the linear canonical transformation and some its basic properties. Let us use MATLAB's notation for matrix:
Let SL(2, R) denote the special linear group of degree 2 over R, namely, the set 2×2 matrices A = (a, b; c, d) with det(A) = ad − bc = 1.
Definition of linear canonical transformation and its basic properties
Like the classical Fourier transformation, the linear canonical transformation is a powerful tool to analyze signals in between the time and frequency domains. This section introduces the definition of the linear canonical transformation and some its basic properties.
Definition 5 (LCT). Let
where
When b = 0, the definition of the linear canonical transformation implies that the linear canonical transformation of a signal is essentially a chirp multiplication. Hence, in this work, we always restrict b = 0. It is easy to see that if
, the linear canonical transformation (1) reduces to the Fourier transformation [6] , namely,
We agree the inverse linear canonical transformation as
Here, f (x) is given by
It is easy to check that the relationship between linear canonical transformation and the Fourier transformation is given by
Let us collect some useful properties of the linear canonical transformation as the following theorem.
Theorem 5 (Shift property). Let f ∈ L 1 (R). Then one have
F A {T k f }(u)e − iack 2 2 +icku F A (u − ak).
Theorem 6 (Modulation property). Let f ∈ L 1 (R). Then, the linear canonical transformation with modulation u 0 ∈ R is given by
F A {e ixu0 f (x)}(u) = e − ibdu 2 0 2 +idu0u F A (u − bu 0 ).
Theorem 7 (Time-frequency shift). Let f ∈ L 1 (R). Then, we obtain
F A {M u0 T k f }(u) = e −i(ack 2 +bdu 2 0 )/2+i(ck+du0)u−ibcku0 × F A {f }(u − ak − bu 0 ).
Convolution theorems for the linear canonical transformation
The convolution theorem plays a central role in several application areas, such as the designing filter and the reconstruction signals. Let us demonstrate the relation between convolution and its linear canonical transform. For this intent, we will introduce some definitions of convolution associated with the linear canonical transformation.
R). The convolution operator of the linear canonical transformation denoted
is defined by
The following theorem describes the linear canonical transform of a convolution of two functions. Its proof can be found in [3] .
the linear canonical transformation of the convolution of two complex functions f, g is given by
Some properties of the convolution theorem for the linear canonical transformation mentioned above are summarized by the following theorems (for more detail, see [4] ).
Then, the linear canonical transformation of T k f g and f T k g is the same and it is given by
and
R). The convolution operator of the linear canonical transformation is given by
Similar to Theorem 8, Z.-C. Zhang [11] has obtained the following result which describes relation among two functions and their convolution in the linear canonical transform domain.
Theorem 12. The linear canonical transformation of the convolution of the above definition is given by
F A {f g} = LÃ{f }(u)LÃ{g}(u), whereÃ = [2a, b; c, d/2].
Correlation formulation in linear canonical transform domain
In what follows, we provide an alternative form of the linear canonical transformation correlation definition and build the relation between the Fourier transformation and the correlation.
The correlation operator of the linear canonical transformation, denoted by , is defined by
Then, we obtain the following important result.
Then, the linear canonical transformation of the correlation of f and g can be represented as
In particuar for A = (a, b; c, d) = (0, 1; −1, 0) the above expression reduces to the correlation theorem for the Fourier transformation, namely,
Proof. It follows from the definitions of the linear canonical transformation (1) and the linear canonical transformation correlation that
Substituting h(y) = f (−y) to above identity we immediately get
On the other hand, we obtain
Substituting (7) into (6), we obtain
Applying the inverse transform of the linear canonical transformation (2), we obtain (3).
Based on the convolution definition proposed by [11] , we define new correlation for the linear canonical transformation as follows. 
As a simple consequence of Definition 9, we obtain the following Theorem 14. 
In view of (7), the equation (9) can be represented as 
Conclusion
This work presents several correlation theorems associated with the linear canonical transformation. The results are obtained using the relationship between convolution and correlation definitions in the linear canonical transform domain.
